GERTAIN SYMMETRICAL PROPERTIES OF
UNBIASED ESTIMATES OF VARIANCE
: AND COVARIANCE*
By K. R. NaAIrR

1. INTRODUCTORY

For a random sample of # observations x;, ...x, drawn from any
statistical population having standard deviation o, an unbiased estimate
of the variance o is obtained by dividing sum of squares of the
n deviations from the sample mean X by z — 1) instead of by n.
Denoting this estimate by §2, we have

= 2 (e = 3%/ — D). W

It can easily be shown (see e.g., Kendall, 1945) that the population
variance ¢* is equal to half the mean square of all possible variate
differences. This property holds good for the sample variance S$2 as

~ well, because of the identity

n):(xi—ﬂ)a—z Z'(x —x)> )
i=
whence e

_5 2 x; — X)) (n — D} 3)
i=1ji>
Similarly, the covariance of a bivariate sample (xl, y)-. (x,,, V)
can be written
Z(X = %) (}a—y)/(h - D= 1-21 & (= x) 0= y;)/{n (n — 1)} (4)

The correlation coefficient for x and yis

’ S’(x—ic)\}% 7) o 22(x—x,)(y ) -
—,\/Z(X—x)zz'(y TVEI G P ZE - e ~

Since any identity that holds good for variance will give ‘a
correspending identity for the covariance we shall in the rest of the
paper discuss only identities for variahce to save space.

Cochran (1946) recently made use of form (3) for the variance
to study the relative accuracy of systematic and random samplmg in
field expcrlmental work.

* Part of a thesis approved for the Ph.D. degree of London University.
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. The identity (2) is a special case of a more general 1dent1ty
Z‘ (pl) 2: {p: (x;— %)% = Z; 2 Pips (e xp)%, Q)
. =1 j>

where p; is any real number subject to the condition that x ('p‘) =+ 0;
: 1
and X =2 (p;*x)/2 (po).
1 1 -

There are two applications of (6) which are of some interest.
 Firstly, if we bave a grouped frequency distribution with f; observations

P ' in the ith class interval centred at X and if N =Z"' (f) the unbiased

-estimate of the variance of this distribution obtameo by . usmg the
degrees of freedom, (¥ — 1) can be written

§* = N(N—l)[i,‘f,f (s = %,)? ™

whereas the second moment will be ]
|
/ . A2 2 fo (x,— x1)2 3)
; N i=1ji>
1t is interesting to compare {7) and (8) with the two formulz for

Gini’s mean difference given by Kendall (1945). Adapting his summa-
tion limits to fit in with ours, we have either

2
N e A AR O ,
or
Al—Nziz';jfoﬂxt—le -(10)

" Kendall calls (9) the mean difference * without repetiiion > and (10) the
mean difference ‘ with repetition °.

The point that is usually put forward in favour of Gini’s mean
difference is that it is independent of the centre .of location, being °
. dependent only on the spread of the variate values among themselves.
It is now. clear that this property is shared by the second moment -and
variance of the sample.

Another application of (6) arises in the analysis of variance for

* ' k samples discussed elsewhere by the author (1943). If x;; is the
Ith observation in the ith sample (i =1, ...k ; [ = 1 . 1), X; mean

of the ith sample % the ‘general mean and N = Z’n,, the variance

S ‘between samples ' -

Vy =, (% — 9k — 1 - - | 10
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and variance ‘ within samples ’ .

Ve _,E 12; (xy - x)z/(N k). ) (12)
Tt is assumed that the k samples comé from normal populations having
same unknown stapdard deviation o. :

To test the hypothesis that the ith and jth populatioh means are
the same, we use a i-test

tb,=(7c;—>‘c,)/\/n(}z+%) e

with (N — k) degrees of freedom.

Using (6) it can be shown that the variance ratio used to test-

whether all the k& samples come from the same normal population
(that ‘is, whether the sample means significantly differ among them-
selves), is a weighted average of the *Cy t;,® values. Thus '

ViVe= 3 Za4m)at |2 5 @otn) (14
i= 11>‘I =1 >4 .

I do not know whether any special significance can be attached
to (14). My own object in proving it in the 1943 paper was this.
Iyer (1937) took the unweighted average of the *C, ¢;*s and finding
it different from the variance ratio V,/V,, felt that the former would be
the proper criterion for discriminating between the sample means.. By
proving the property (14) it was possible to show that no such test
as proposed by Iyer was necessary. ; '

A two-dimensional extension of the 1dent1ty (2) was given by
Husain (1943). Let the n observations ‘be arranged in a two-way table
having p rows and g columns, so that n = pg. Let x;; be the observa-
.tion in the ith row and jth column. Let X,.,, X.; be the mean of x
in the ith row, jth column respectively and X%.. the general mean.
The following identity can be proved

g 8 3 (xy— % — %, +E)°

i=1 j=1 i : CTre—

: e .
=232z (x;; + Xprje — Xigr — Xi0)® (15

i=1 ¥>1j=1 '] -

Each term on the right-hand side of (15) is the square of a
diagonal difference and there are ”C,.?C, such terms. The variance

due to interaction between rows and columns is therefore one-fourth

" the mean square of all d1agonal differences. The estimate of interaction
variance obtained by using the right-hand side of (15) is very much
similar to the form in which * Student? : (1923) ﬁrst derived the

“error ° variance for chess- board trials.

e

|
|
1
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Similar identities can be derived for higher order interactions,
but they become very complex. The purpose of this paper is to
show that the identities (2) and (15) are only special cases of two
general classes of identities associated with the universe of sample
permutations. The general identity to which (2) belongs can be applied
to a problem of Pitman (1937)

2. IDENTITIES ASSOCIATED WITH THE UNIVERSE OF SAMPLE
PERMUTATIONS

For convenience, we shall assume that X1y X, used in (2) are
in ascending order of magnitude. Let /, .../, be any real numbers
satisfying the conditions

l, +...41, =0 )
2+...+12=1 b (16)
11 <'< ln JI '

If we write the #? cross-products of / and x‘in the.form of the
square given in Fig. 1 and pick up » cells, one from each row and

11 ¢ l ¢ Iy

BES lixq ‘ * | Iney
| 1 __,

xn lyxp # lyxy

Fig. 1

each column and add up the /x products for these cells, we get a linear
function with » terms

' W, = b (I; x,) (iand j take each of-the values 1, ...n once’

Wi=1

and once only) o 17
which we shall call a general linear contrast of Xy, ...x, for the given
1 -+-l,. The word ‘contrast’ is used because u, can be expressed
as a linear function of differences x,— x, in virtue of the fact that

J@)=0.

The total number of contrasts of the type (17) is n!. They form
a population which may be called a universe of sample permutations
for linear contrasts of x;, ...x, associated with 'a given 7, ...1. "TIt. .

can easily be shown. that the largest contrast in this universe is.
4
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: 'ﬁ(lixi). Since the I’s of (16) can be chosen in an infinite number . of .
1

ways, there is an infinite number of universes each consisting of n! -

contrasts. When some of the I’s are equal, the total number of

distinct values for u, will be only a fraction of n!, say (n!)/m as each . o
distinct u, repeats m times. The value of m can be calculated from

the usual rules of permutation. At anyrate, the moments of the universe

of .contrasts will be independent of m, and we may proceed to calculate

the first two moments, assuming that there are n! values of u,. '

It is easily seen that : . 8
5 () =0 - ‘ (18)
k=1 -
S w2 = (n— 1)'2‘(1 2))3' (x; 2)—}— 4 (n— 2)! z Z’ (1) Z' z (xix)
i=Lji»i - =1i> 1t ~
= 1)2 O — o9 |
from which it follows that. , , |
py () =0 (20) g
pe () = 2 (r, — %0 — 1) = 5% C@n |

That " will be zero could easily have been ant101pated But the second ’ .
moment of the universe of 1, b_ecommo independent of /;,. . ./, and equal
to the variance of the sample x;, ...x, was not such an obvio'us result.
We shall consider two spe01al universes with different sets of values
for 4, ...l
(i) Let

_ (=]
b= =ha=— i b =A@

Since (n — 1) of the I’s are equal the number of distinct members - ;

in the universe is

or n. They are

e - ,
ulz’\'/n"(i _ {(n D) x— x”-_l...—Axl}:\/(T_f_—l)- (5= ) -
Up= \_/T(%':;T [— x,;+ n—Dx,_—...— xl} 4
| = A G |
u“-: \/_(;1._‘1)[ — ’x”>—.—'x"_1 e ‘—}— n— i) xl]

~ Ny =D @
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Substituting in (21), we get the second moment or the mean
square of u, ...u '

L3 = s - (24)
n k=1

which-we obviously know to be true from the values of u, ...u
given in (23).

What (24) points out is thac instead of saymg that an unbiased
estimate of variance is obtained by dividing the sum of squares of
n deviations x;— X by (» -- 1), we could say that it is the mean square

~ of the n contrasts \/ =) (x, — %)
The largest linear contrast 2 (1,x,) in this universe.of n is u,.

(11) As another example, we shall derive (7) and (3) as a spec1a1
case of (21).

Let
- B Co B
| _ h=— \/l’[ .—...—I,,_l 0, I, \/7 (25).
f ) Smce (n — 2) of the I’s are equal, the number of dlstmct linear
contrasts in the universe is =2 ! — or n (n — 1). Each of them is of
the type \-}2 (x; — x;). Using (21), we get
1 n n 9 . ' N
Fw=D fl ,21 3(x,—x)? =S (26)
G*7)
Since x; — x; and x; — x;, have the same square, (75) may be
re-written . _ ]
1 "
b 2 (x;, —x)t=8% . , 27
n (n )t 1i>1 J) ’ ( )

which is same as the result (3) proved directly from the identity (2).
The largest c_onirast > {d; x;) in this universe is \%2 (x,— x,) or
1 - . 1 . -
2 (range).

Coming now to the generalisation of the identity (15) for inter-
action variance, we shall assume a set of pg quantities /,, satisfying
the conditions

e

———
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The values [,;, and x;; can be written side by side in the form
of two p X ¢ tables as shown in Fig. 2.

1] - .. % - - | ¢ \Mean 1 D .+ | ¢ |Mean|
1 11 L1k l10| O 1 lagy X1y X1q ;1 |
| lni Ink g |- 0 T xiy Xig | wir

? | im ] Lo g | O | b | %¥p1 Xpj Zpq | ¥p+

Mean| 0 0 |l 0] O Mean| x| ‘ X Fog | X

FiG. 2

If we superimpose the x-table on the /-table, multiply the / and
x of each cell and add up the products for all the pg cells we get
a general linear contrast 2’ (/,;x;;) which is a function only of diagonal
differences of the type (x;; + x4y — x;7 — Xx;7;) and hence may be called
the general ¢ interaction contrast’. By interchanging the rows among
themselves and the columns among themselves of either the x-table
or the /-table, we will get p! ¢! different composite squares giving us
a universe of p!q! interaction contrasts. If- some of the rows or
columns are identical among themselves the number of distinct
composite squares will be less than p!g!. This will not, however,
affect the moments of the universe of contrasts and hence for calcu-
lating them we shall assume there are p! g! distinct ccntrasts. It can
be shown that the first momént vanishes and that the second moment’
or the mean square of the p! ¢! interaction contrasts of the type '
2y xy; 1S equal to the 1nteract10n variance

1. - . 2
G=D@=T 1)31 E’ (x;; — — %.; + Tc..) (29)

As an example let us consider the following table of values for

There is a common factor d@ D (q D in the I’s and so \

j

L

for convenience it has been written outsnde the table.
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__lh R _ 1 . (L—i) (-1
! @D | T | o0
1 1y K : 1 _ i
(-1 (e-¢e-1) | . . - (2-1)(¢-1)
1| . ' 1
C@-1) (p-1)(e-1) | . . - | =D(e-T)

Since (p — 1) of the rows and (g — 1) of the columns of the above
table are identical, the total number of interaction contrasts is pgq.
Taking the first -of them; got by superxmposmg the x-table of Flg 2
on this [-table, we get

” _N/(p—l)(q—l)[ 11__(1_5' x:n-,— _1_25’ X, -

1 |
+———1)<q—1)fi£g"”1,
\/@—l)(q )(x“ —FEa xR G0

A typical contrast can therefore be written

The usual expression for interaction variance (29) can therefore

be derived as a special case from the general universe of 1nteractlon o

contrasts.

As another example, let us assume that

Chimlh= = b=k ' ’ :
| @)
~and L, =Owhenk=3,..pand k=3, ...q 4

The _intera‘ction contrasts now take the form .
u, =% (g + Xy — X" — Xi'; S . (33

and ‘their total number is 3 pg (p — 1) (g — 1). They form
% pq (p—1) (¢g—1) couplets which have same magnitude but are of oppo-

" site sign. The total number of distinct u,? is therefore }pq ( p— 1\ (g—1)

and their medn square

1 ' R
2 Z‘ 2 —_— . —
PQ(P—'1)\4'—1)4_1;>s,_1,>,(x"+x Xy — %)t (34




170 JOURNAL OF . THE'INDIAN SOCIETY OF AGRICULTUR-AE STATISTICS

should be equal to the mteractron variance (29), thereby leading ‘us
to the 1dent1ty (15).

3. ANALOGY WITH PITMAN S PROBLEM

’ LIf (x ). (X5 p,) 15 2 sample of paired observations of two
- variates x and y which are indeperidently distributed, Pitman (1937)
- devised a test for the significance of the correlation coefficient r,, based "~
on its distribution in the universe of sample permutations generated
"by pairing éach x with every y in turn once. For this universe of -
n! values of r, he found that, whatever be the values of x and y
E(r)—O E(;Z)—l/(n—— l) . (35
and that under certain conditions dependmg on x and y S
. o .
E(r )—>0 E(r)—>-———( ICE= (36.)V
A proof that E@) = 1/(n.— 1) follows from (19) by substituting
\/2 (y _)2 The eonditions- I < Liy; and x; < x4, are not
necessary for this proof: _ . ' ’ ‘
_ 4 UPPER LiviT OF THE LARGEST CONTRAST
' The conditions 7, </, and x, <Xy WeTe imposed only for the
‘reason that the largest of the n! contrasts could then - convemently be:
written Z’ (I; x;). ‘From the analogy with Pitman’s problem we find

that for given / and x, the upper limit of the largest contrast is less
than S 4/(n — 1), becoming equdl to S\/ (n — 1) only when there
is perfect correlatron between I and x, or when /; is proportlonal to
X; — %, that is ) : i ; -

x —% '
e e 37 -
thalvs s S S
The largest contrast in that case reduces simply to - ' ‘
. Z'(x - x)2 : —_— : .
Etl x)— —_— = Sy —1) A @38

These results are of some. use when I, . .1, are given and the
sample variance S? is fixed, but not the 1nd1v1dual observations
. X3, ...X,. Thus, 1f l’s have the values given in (22), " the largest‘

_contrast is u; of (23) or \/ CE=8) times the extreme devrate (x,— ).

The. problem i$ to find the upper hmlt of the extreme devrate when the
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sample variance S?-is fixed. The upper limit is obviously (n — 1) S/4/n,
and we can also obtain the additional information that this happens
when x;, ...x, in the particular sample which provides this upper limit
satisfies the equations

X—X  Xp— X _ X, — X
T = =1 T e=D (39) .
that is, when x; = ... = x,_;.

Pearson and Chandrasekar (1936) made use of this property of the
- extreme deviate while examining a test criterion for the rejection of
outlying observations. Tang (1938) applied it to problems in"analysis -
of variance of designed experiments.

If I’s have the value given in (25), the largest contrast becomes
\%2 (range). “The upper limit of the range in samples of >n with a fixed

S is therefore £/2 (n — D.s WhICh it attains when x,, ...x, satisfy
the conditions - )

—Hm =D =0 -0 }
’ =% = ... =(x,., — %) =0 '
In other words the range reaches its upper limit /2 (x — 1)..S when

- the intermediate obsgrvations Xg, ...X,_ . are all concentrated at the ' -
mid-point % (x;-+ x,) of the range. :

(40)l

Lastly, let us take _
L 24/3 (z‘ _n+1
P/ (A=) 2 )

. n .o .
The largest contrast X (/; x;) becomes proportional to Gini’s mean
1

(41)

difference g for ungrouped data, viz.,
2 2 Y| x— x| : S

g%n(n—l)mljn )
4 n . n+41
A= (-7 5 )x) @

The upper limit of g in samples of n with a fixed S is therefore

,\/ (r + T+ 1) .S and this limit is reached when x;— X is proportional

| to i — 1 or when the x’s are at equal intervals. It is interesting to
note that, in’ general, g is proportronal t the hnear regresswn of the’
magnitude of x on the rank of x.
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